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Abstract
This paper deals with the study of the MHD flow of non-Newtonian fluid on a porous plate. Two exact
solutions for non-torsionally generated unsteady hydromagnetic flow of an electrically conducting sec-
ond order incompressible fluid bounded by an infinite non-conducting porous plate subjected to a uniform
suction or blowing have been analyzed. The governing partial differential equation for the flow has been
established. The mathematical analysis is presented for the hydromagnetic boundary layer flow neglecting
the induced magnetic field. The effect of presence of the material constants of the second order fluid on the
velocity field is discussed.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
The unsteady flow created by a rotating fluid has been the subject of many investigations due
to wide variety of applications in engineering and geophysical problems. Mention may be made
to the pioneering work of Greenspan and Howard [1]. They initiated the study of the dynamics of
the spin-up of an incompressible viscous rotating fluid. Subsequently, there have many investiga-
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the transient motion in the earth’s liquid core, Debnath [2–5] examined hydromagnetic spin-up
mechanism in an electrically conducting rotating Newtonian fluid in presence of an external
magnetic field. He set up the hydromagnetic flow in a rotating system by the elliptic harmonic
oscillations of the disk and the main flow outside the boundary layers. In another paper Deb-
nath and Mukherjee [6] studied the flow of a viscous, incompressible rotating fluid bounded by
a porous plate with uniform suction or blowing. A non-torsional oscillation is superimposed on
the plate for the generation of flow.
There is yet another area of the viscoelastic fluids, in which the rotating hydromagnetic flow
has specially drawn the attention of the researchers. The study of viscoelastic fluids has gained
considerable importance in the recent years, mainly due to its wide range of applications in
petroleum industry, manufacturing and processing of foods and paper and many other indus-
trial applications. Such fluids have been modeled by different constitutive equations which vary
greatly in complexity. There is a particular model (second order) by Rivlin and Ericksen [7],
that is widely used to study viscoelastic flows. Mention may be made to the papers of Ting [8],
Rajagopal [9], Rajagopal and Gupta [10], Benharbit and Siddiqui [12].
The focal point of this paper is to study the problems governing the unsteady hydromagnetic
flows involving second order non-Newtonian rotating fluid to emphasize the differences between
the hydromagnetic flow of a non-Newtonian (second order) fluid and the corresponding hydro-
magnetic flow of a classical viscous fluid. We have found two analytical solutions to the flows
that might be relevant to the problems in physics and engineering and useful in experimental
determination of the material constants of viscoelastic fluid α1 and α2. In this paper, we study
the following two problems:
(a) The first problem extends the Debnath’s analysis [3] in two directions:
(i) by allowing the fluid to be non-Newtonian (second order);
(ii) to include the effects of the porosity.
(b) The second problem generalizes the Debnath and Mukherjee [6] analysis in two directions:
(i) considering the second order fluid instead of the classical viscous fluid;
(ii) to include the effects of the magnetic field.
The governing partial differential equations is of fourth order. The first problem is solved
using the temporal Fourier transform and the second problem is solved by the assumed form
of the solution. Several known results are found to follow as particular cases of the problems
considered.
2. Mathematical formulation
We consider the unsteady flow generated in the semi-infinite expanse of an electrically con-
ducting non-Newtonian (second order) fluid bounded by an infinite non-conducting porous plate
subjected to suction or blowing in the presence of a magnetic field B0 normal to the plate at
z = 0. Both the plate and the fluid are in the state of a rigid body rotation with a constant angu-
lar velocity Ω = Ωk, where k is a unit vector parallel to the z-axis. Additionally, non-torsional
oscillations are imposed on the porous plate in its own plane at time t > 0. The unsteady motion
of the conducting second order fluid in a rotating Cartesian coordinate system is governed by the
laws of conservation of mass and of momentum which are
div V = 0, (1)
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[
dV
dt
+ 2Ω × V +Ω × (Ω × r)
]
= div T + j × B, (2)
where V = (u, v,w) is the velocity vector, d
dt
is the material time derivative, ρ is the density,
j is the electric current density, B is the total magnetic field so that B = B0 + b, b is the induced
magnetic field and r is the radial coordinate given by
r2 = x2 + y2.
The Cauchy stress T for an incompressible second order fluid is characterized by the following
constitutive equations [7]:
T = −pI + μA1 + α1A2 + α2A21, (3)
where μ is the coefficient of viscosity, pI denotes the indeterminate spherical stress, α1 and α2
are the normal stress moduli satisfying μ  0, α1  0, α1 + α2 = 0, and A1 and A2 are the
kinematic tensors defined through
A1 = (grad V) + (grad V)T ,
A2 = dA1
dt
+ A1(grad V) + (grad V)T A1, (4)
where grad denotes the gradient operator. We assume the velocity field of the form
V = [u(z, t), v(z, t),−W0], (5)
where W0 is the velocity of suction or blowing according to W0 > 0 or W0 < 0. Further magnetic
field B is perpendicular to the velocity field. In low magnetic field Reynolds-number approxima-
tions, the magnetic body force j × B becomes σ(V × B)× B when imposed and induced electric
fields are negligible and only the magnetic field B0 contributes to the current j = σ(V×B). Here
σ is the electrical conductivity of the fluid. In view of these assumptions, the magnetic body
force becomes
j × B = −σB20 V. (6)
Now using Eq. (5), Eq. (1) is identically satisfied and from Eqs. (2), (3), (5), and (6) we find
that
ρ
[
∂u
∂t
− W0 ∂u
∂z
− 2vΩ
]
= −∂pˆ
∂x
+ μ∂
2u
∂z2
− σB20u + α1
[
∂3u
∂z2∂t
− W0 ∂
3u
∂z3
]
, (7)
ρ
[
∂v
∂t
− W0 ∂v
∂z
+ 2uΩ
]
= −∂pˆ
∂y
+ μ∂
2v
∂z2
− σB20v + α1
[
∂3v
∂z2∂t
− W0 ∂
3v
∂z3
]
, (8)
σB20W0 =
∂pˆ
∂z
, (9)
where
pˆ = p − ρ
2
r2Ω2 − (2α1 + α2)
[(
∂u
∂z
)2
+
(
∂v
∂z
)2]
. (10)
Differentiating Eqs. (7) and (8) with respect to z, we get
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[
∂2u
∂t∂z
− W0 ∂
2u
∂z2
− 2Ω ∂v
∂z
]
= − ∂
∂x
(
∂pˆ
∂z
)
+ μ∂
3u
∂z3
− σB20
∂u
∂z
+ α1
[
∂4u
∂z3∂t
− W0 ∂
4u
∂z4
]
, (11)
ρ
[
∂2v
∂t∂z
− W0 ∂
2v
∂z2
+ 2Ω ∂u
∂z
]
= − ∂
∂y
(
∂pˆ
∂z
)
+ μ∂
3v
∂z3
− σB20
∂v
∂z
+ α1
[
∂4v
∂z3∂t
− W0 ∂
4v
∂z4
]
. (12)
With the help of Eqs. (9)–(12) we obtain
ρ
[
∂2u
∂t∂z
− W0 ∂
2u
∂z2
− 2Ω ∂v
∂z
]
= μ∂
3u
∂z3
− σB20
∂u
∂z
+ α1
[
∂4u
∂z3∂t
− W0 ∂
4u
∂z4
]
, (13)
ρ
[
∂2v
∂t∂z
− W0 ∂
2v
∂z2
+ 2Ω ∂u
∂z
]
= μ∂
3v
∂z3
− σB20
∂v
∂z
+ α1
[
∂4v
∂z3∂t
− W0 ∂
4v
∂z4
]
, (14)
ν
∂3F
∂z3
+ β
[
∂4F
∂z3∂t
− W0 ∂
4F
∂z4
]
− ∂
2F
∂z∂t
+ W0 ∂
2F
∂z2
− (2iΩ + n)∂F
∂z
= 0, (15)
where
F = u + iv. (16)
In Eq. (15) ν = μ
ρ
is the kinematic viscosity, β = α1
ρ
and n = σB20
ρ
. Equation (15) is the general
form a governing equation for the flow of a second order fluid on a porous plate in presence
of transverse magnetic field. We observe that for α1 = 0 (the viscoelastic material parameter),
Eq. (15) corresponds to the differential equation for classical viscous fluid, the W0 = 0 reduces
to the case of a rigid disk.
For the first problem the hydromagnetic flow is set up in the rotating system by the elliptic
harmonic oscillations of the porous plate and the main flow outside the boundary layers so that
the relevant boundary conditions are of the form
F(0, t) = U(aeiω1t + be−iω1t), t > 0, (17)
F(z, t) = U(ceiω2t + de−iω2t) at t > 0, z → ∞, (18)
where U is the constant velocity, a, b, c and d are complex constants, ω1 and ω2 are the fre-
quencies of the imposed oscillations.
3. Solution of the first problem
Problem (15)–(18) can directly be solved by the use of the temporal Fourier transform
pair [13]
Ψ (z,f ) =
∞∫
−∞
F(z, t)e−if t dt, (19)
F(z, t) = 1
2π
∞∫
Ψ (z,f )eif t df. (20)−∞
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N
d4Ψ
dz4
− d
3Ψ
dz3
− S d
2Ψ
dz2
+ λdΨ
dz
= 0, (21)
Ψ (0, f ) = 2πU[aδ(f − ω1) + bδ(f + ω1)], (22)
Ψ (z,f ) = 2πU[cδ(f − ω2) + dδ(f + ω2)], z → ∞, (23)
where
N = βW0
ν + ifβ , S =
W0
ν + ifβ , λ =
2iΩ + if + n
ν + ifβ , (24)
and δ(·) is the Dirac delta function.
The characteristic polynomials of Eq. (21) is of the form
Nm4 − m3 − Sm2 + λm = 0. (25)
From (25) either
m1 = 0, (26)
or
Nm3 − m2 − Sm + λ = 0. (27)
For small values of α1, the roots of Eq. (27) can be obtained by perturbation expansion
method [10].
The solution of Eq. (21) is then given by
Ψ (z,f ) = A1 + A2em2z + A3em3z + A4em4z, (28)
where
m2 ≈ C0 + C1α1 + C2α21,
m3 ≈ C˜0 + C˜1α1 + C˜2α21,
m4 ≈ ρ(ν + ifβ)
α1W0
+ Cˆ0 + Cˆ1α1 + Cˆ2α21
and
C0 = −12
[
S +
√
S2 + 4λ ], C1 =
(
W0C
3
0
ρ(ν + ifβ)(2C0 + S)
)
,
C2 =
(3C20C1W0 − ρ(ν + ifβ)C21
ρ(ν + ifβ)(2C0 + S)
)
,
C˜0 = −12
[
S −
√
S2 + 4λ ], C˜1 =
(
W0C˜
3
0
ρ(ν + ifβ)(2C˜0 + S)
)
,
C˜2 =
(3C˜20 C˜1W0 − ρ(ν + ifβ)C˜21
ρ(ν + ifβ)(2C˜0 + S)
)
,
Cˆ0 = S, Cˆ1 = − W0
ρ(ν + ifβ)
[
2Cˆ20 − SCˆ0 + λ
]
,
Cˆ2 = W0
[
SCˆ1 − 4Cˆ0Cˆ1 − W0Cˆ
3
0
]
.ρ(ν + ifβ) ρ(ν + ifβ)
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conditions between the Newtonian and second order fluids [11]. Due to the higher order deriv-
atives, the second order fluids formally require an additional boundary condition. In the present
case, we use the physical condition that the velocity reduces to the Newtonian case when α1 → 0
or to rigid disk when W0 = 0; the solution corresponding to the root m4 is neglected. Thus, from
Eq. (28) we have
Ψ (z,f ) = A1 + A2em2z + A3em3z. (29)
Making use of the boundary conditions (22) and (23), we obtain
Ψ (z,f ) = [2πcδ(f − ω2) + 2πdδ(f + ω2)](1 − em2z)
+ [2πaδ(f − ω1) + 2πbδ(f + ω1)]em2z. (30)
Substituting Eq. (30) in Eq. (20) and using the property of the Dirac delta function we get
F(z, t) = U
[
ae−η1z+i(ω1t−ξ1z) + be−η−1z−i(ω1t+ξ−1z)
+ ceiω2t (1 − e−η2z−iξ2z) + de−iω2t (1 − e−η−2z−iξ−2z)
]
, (31)
where
η±1,±2 = (η)f=±ω1,±ω2, ξ±1,±2 = (ξ)f=±ω1,±ω2,
η = C0R + C1Rα1 + C2Rα21, ξ = C0I + C1I α1 + C2I α21,
C0R = 12 [k1 + k5], C0I =
1
2
[k2 + k6],
C1R = 13 + 24
23 + 24
, C1I = 23 − 14
23 + 24
,
C2R = 3(5 − 7) + 4(6 − 8)
23 + 24
, C2I = 3(6 − 8) − 4(5 − 7)
23 + 24
,
k1 = − W0ν
ν2 + f 2β2 , k2 =
W0fβ
ν2 + f 2β2 ,
k3 = W
2
0 (ν
2 − f 2β2) + 4(ν2 + f 2β2)(νn + f 2β + 2Ωfβ)
(ν2 + f 2β2)2 ,
k4 = (4νΩ + νf − 2nfβ)(ν
2 + f 2β2) − W 20 νfβ
(ν2 + f 2β2)2 ,
k5 = 12
[
k3 +
√
k23 + 4k24
]1/2
, k6 = 12
[−k3 +
√
k23 + 4k24
]1/2
,
1 = W0
[
C30R − 3C0RC20I
]
, 2 = W0
[
3C20RC0I − C30I
]
,
3 = ρ
[
ν(2C0R + SR) − fβ(2C0I + SI )
]
,
4 = ρ
[
fβ(2C0R + SR) + ν(2C0I + SI )
]
,
5 = 3W0
[
C1R
(
C20R − C20I
)− 2C1IC0RC0I ],
6 = 3W0
[
2C1IC0RC1R + C1I
(
C20R − C20I
)]
,
7 = ρ
[(
C21R − C21I
)
ν − 2fβC1ICIR
]
,
8 = ρ
[
fβ
(
C21R − C21I + 2νC1RC1I
)]
,
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ν2 + f 2β2 , SI = −
W0fβ
ν2 + f 2β2 .
Equating real and imaginary parts after taking a = a1 + ia2, b = b1 + ib2, c = c1 + ic2,
d = d1 + id2, we get
u = U
⎡
⎢⎢⎢⎢⎢⎣
e−η1z{a1 cos(ω1t − ξ1z) − a2 sin(ω1t − ξ1z)}
+ e−η−1z{b1 cos(ω1t + ξ−1z) + b2 sin(ω1t + ξ−1z)}
+ {(c1 + d1) cosω2t − (c2 − d2) sinω2t}
− e−η2z{c1 cos(ω2t − ξ2z) − c2 sin(ω2t − ξ2z)}
− e−η−2z{d1 cos(ω2t + ξ−2z) + d2 sin(ω2t + ξ−2z)}
⎤
⎥⎥⎥⎥⎥⎦
, (32)
v = U
⎡
⎢⎢⎢⎢⎢⎣
e−η1z{a2 cos(ω1t − ξ1z) + a1 sin(ω1t − ξ1z)}
+ e−η−1z{b2 cos(ω1t + ξ−1z) − b1 sin(ω1t + ξ−1z)}
+ {(c1 − d1) sinω2t + (c2 + d2) cosω2t}
− e−η2z{c2 cos(ω2t − ξ2z) + c1 sin(ω2t − ξ2z)}
− e−η−2z{d2 cos(ω2t + ξ−2z) − d1 sin(ω2t + ξ−2z)}
⎤
⎥⎥⎥⎥⎥⎦
. (33)
4. Solution of the second boundary value problem
In this section, we consider the solution of Eq. (15) subject to the no slip condition at the
non-conducting plate and no disturbance at the infinity as
F(0, t) = −U + U∗(aeiωt + be−iωt), t > 0, (34)
F(z, t) → 0 as z → ∞, t > 0, (35)
where U and U∗ are constants with dimensions of velocity.
The boundary conditions suggest a solution of the form
F(z, t) = F0(z) + aF1(z)eiωt + bF2(z)e−iωt , (36)
where the first term in Eq. (36) corresponds to the steady solution while the second and the third
terms correspond to the unsteady solution due to the non-torsional oscillations of the disk.
By substituting Eq. (36) in Eq. (15), we get three boundary value problems for F0, F1, F2 as
ν
d3F0
dz3
− βW0 d
4F0
dz4
+ W0 d
2F0
dz2
− (2Ωi + n)dF0
dz
= 0, (37)
F0(0, t) = −U, (38)
F0(z, t) = 0, as z → ∞, (39)
(ν + iωβ)d
3F1
dz3
− βW0 d
4F1
dz4
+ W0 d
2F1
dz2
− (2Ωi + iω + n)dF1
dz
= 0, (40)
F1(0, t) = U∗, (41)
F1(z, t) = 0, as z → ∞, (42)
(ν − iωβ)d
3F2
dz3
− βW0 d
4F2
dz4
+ W0 d
2F2
dz2
− (2Ωi − iω + n)dF2
dz
= 0, (43)
F2(0, t) = U∗, (44)
F2(z, t) = 0, as z → ∞. (45)
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value problems are given by
F0(z) = −Ue−m1z, (46)
F1(z) = U∗e−m2z, (47)
F2(z) = U∗e−m3 . (48)
Substituting the values of F0, F1 and F2 from Eqs. (46)–(48) in Eq. (36), the final expression
for F is given by
F(z, t) = −Ue−(1+iΦ1)z + aU∗e−(2+iΦ2)z+iωt + bU∗e−(3+iΦ3)z−iωt , (49)
where
mr = (r + iΦr), r = 1,2,3,
1 = ψ0R + α1ψ1R + α21ψ2R, 2 = σ0R + α1σ1R + α21σ2R,
3 = C∗0R + α1C∗1R + α21C∗2R,
Φ1 = ψ0I + α1ψ1I + α21ψ2I , Φ2 = σ0I − α1σ1I − α21σ2I ,
Φ3 = C∗0I + α1C∗1I + α21C∗2I , ψ0R = ξ∗γ, ψ0I = ξ
∗
ζ,
ψ1R = W0ξ
2∗
ρν[(2γ − S1)2 + 4ζ 2]
[(
γ 3 − 3γ ζ 2)(S1 − 2γ ) − 2ζ (3γ 2ζ − ζ 3)],
ψ1I = W0ξ
2∗
ρν[(2γ − S1)2 + 4ζ 2]
[(
3γ 2ζ − ζ 2)(S1 − 2γ ) + 2ζ (3γ ζ 2 − γ 3)],
ψ2R = 1
ρνξ∗[(2γ − S1)2 + 4ζ 2]
[
z1(2γ − S1) − 2z2ζ
]
,
ψ2I = 1
ρνξ∗[(2γ − S1)2 + 4ζ 2]
[
z2(S1 − 2γ ) + 2z1ζ
]
,
σ0R = 12 [k1 + k5], σ0I =
1
2
[k2 + k6],
σ1R = 1ˆ3 + ˆ24
23 + 24
, σ1I = ˆ2ˆ3 + 14
23 + 24
,
σ2R = ˆ3(5 − 7) + 4(6 − 8)
23 + 24
, σ2I = ˆ3(6 − 8) + 4(5 − 7)
23 + 24
,
ˆ2 = W0
[
C30I − 3C20RC0I
]
, ˆ3 = ρ
[
fβ(2C0I + SI ) − ν(2C0R + SR)
]
,
z1 = ρν
(
ψ21R − ψ21I
)+ 3W0ξ2∗ψ1R(γ 2 − ζ 2)− 2γ ζψ1I ,
z2 = 2ρνψ1Rψ1I − 3W0ξ2∗
[
ψ1R
(
γ 2 − ζ 2)− 2γ ζψ1R],
ξ∗ =
√
Ω
2ν
, γ = √2S1 + γ ∗, ζ =
[−(S21 + N1) +
√
(S
2
1 + N1)2 + 64
2
]1/2
,
γ ∗ =
[
(S21 + N1) +
√
(S
2
1 + N1)2 + 64 ]1/2
, S1 = W0√ , N1 = σB
2
0 ,2 2 νΩ ρΩ
732 M. Hameed, S. Nadeem / J. Math. Anal. Appl. 325 (2007) 724–733C∗0R =
1
2
[
k1 + k∗5
]
, C∗0I =
1
2
[
k∗2 + k∗6
]
,
C∗1R = −
[
∗1∗3 + ∗2∗4
∗23 + ∗24
]
, C∗1I =
∗1∗4 − ∗2∗3
∗23 + ∗24
,
C∗2R =
∗3(∗7 − ∗5) − ∗4(∗6 − ∗8)
∗23 + ∗24
, C∗2I =
∗3(∗8 − ∗6) + ∗4(∗5 − ∗7)
∗23 + ∗24
,
∗1 = W0
[
C∗30R − 3C∗0RC∗20I
]
, ∗2 = W0
[
3C∗20RC∗0I − C∗30I
]
,
∗3 = ρ
[
ν
(
2C∗0R + SR
)+ fβ(2C∗0I + SI )],
∗4 = ρ
[
fβ
(
2C∗0R + SR
)− ν(2C∗0I + SI )],
∗5 = 3W0
[
C∗1R
(
C∗20R − C∗20I
)− 2C∗1IC∗0RC∗0I ],
∗6 = 3W0
[
2C∗1IC∗0RC∗1R + C∗1I
(
C∗20R − C∗20I
)]
,
∗7 = ρ
[(
C∗21R − C∗21I
)
ν − 2fβC∗1IC∗IR
]
,
∗8 = ρ
[
fβ
(
C∗21R − C∗21I + 2νC∗1RC∗1I
)]
,
k∗2 = −
W0fβ
ν2 + f 2β2 , k
∗
4 =
(4νΩ + νf − 2nfβ)(ν2 + f 2β2) + W 20 νfβ
(ν2 + f 2β2)2 ,
k∗5 =
[k3 +
√
k23 + 4k∗24
2
]1/2
, k∗6 =
[−k3 +
√
k23 + 4k∗24
2
]1/2
.
Equating the real and imaginary parts of Eq. (47) we obtain
u = −Ue−1z cosΦ1z + U∗
[
e−2z{a1 cos(ωt − Φ2z) − a2 sin(ωt − Φ2z)}
+ e−3z{b1 cos(ωt + Φ3z) + b2 sin(ωt + Φ3z)}
]
, (50)
v = −Ue−1z sinΦ1z + U∗
[
e−2z{a2 cos(ωt − Φ2z) + a1 sin(ωt − Φ2z)}
+ e−3z{b2 cos(ωt + Φ3z) − b1 sin(ωt + Φ3z)}
]
. (51)
5. Concluding remarks
Two solutions of the oscillating porous plate in the presence of a magnetic field exhibit inter-
esting phenomena with respect to the motion of the second order fluid.
From solutions (32), (33), (50) and (51) it is found in case of second order fluid that the layers
thickness are inversely proportional to the material parameter (α1) of the fluid and the magnetic
parameter. Rotation has a similar influence on the flow. It is likely that the magnetic field pro-
vides some mechanism to control the growth of boundary layers. Also the layers thickness are
inversely proportional to suction and remain bounded for all frequencies. This is in keeping with
the fact that an increase in suction or frequency parameters cause reduction in the boundary layers
thickness. It is interesting to observe from solutions (32), (33), (50) and (51) that as α1 increases
the damping of the amplitude is greater as expected for a second order fluid when compared with
viscous fluid. The fluid layers at a distance z from oscillating boundary oscillates with the phase
change.
Finally, we remark that the results for elastico-viscous fluid characterized by Walter’s liq-
uid (B ′) can be obtained from solutions (32), (33), (50) and (51) by taking α1 = −k0, where k0
is the material constant of the Walter’s liquid (B ′). The solution for the classical viscous fluid
M. Hameed, S. Nadeem / J. Math. Anal. Appl. 325 (2007) 724–733 733can be obtained easily by taking α1 → 0. The results for non-conducting fluid can be obtained
by taking B0 to be zero.
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